CHAPTER 11
olya

THE WORKING

OF THE MIND

1 ind is like a bag: when you are
Mariotte says that the human mind is . :
thinking y::zzJ: are shaking the bag until something falls out of it. Heng
there is no doubt that the result of thinking _depfmcif to some ex_teml
on chance. T would add that the human mind is mo_re_lrke a sieve!
when you are thinking you are shaking the sieve ufntu' some mn}t’ute
things pass it. When they pass, the spying atlention cat;hes : ;t:';er

: in, i i hing like this: to catch a thief, the

ems relevant, Again, it is sometning ! [ :

Zinmander of a city orders the whole population to pass a;ertam faw
i iching. Yel, to save {ime an

where the man who was robbed is wa
trouble, some methed of exclusion may be used. If the r[mrz rtobbed
says that the thief was a man, not & Woman, and an adult, no a'n
youngster or a child, those not concerned are excused from passing

the gate.

11.1. How we think

A problem solver must know his : mus
his bopdy in about the same way as a jockey knows his horses. 1ima
that a jockey studies
them perform better,
of individual .horses t
general. .

What you start reading :
psychology; it is not exactly a conversation

habits of their horses;

formal presentation. o
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11.5. Prevision

As soon as we are seriously concerned with our problem, we try g
foresee, we try to guess; we expect something, we anticipate an outline
of the shape of the solution, This cutline may be more or less definite..
and of course it may be more or less wroag, although I would say ng
often very wrong.

All problem solvers guess, bat the sophisticated and the unsophis.
ticated guess somewhat differently.

A primitive person just sits there with his problem, scratching hig
head or chewing his pencil, waiting for a bright idea, and doing Jitfl
or nothing to bring that bright idea nearer. And when the desireg
idea eventually appears and brings a plausible guess, he simply accept
that guess, regarding it as the solution with little or no criticism. .

A more sophisticated problem solver takes his guesses more sk
tically. His first guess may be: “There are 25” or “I should tell hipg
this and that.” Yet then he checks his guess and may change it: “N,
not25, Yetlet me try 30” or “No. It is no vse to tell him that, becange
he could answer thus and so. Yet I could tell him that ... ” Ang
eventually, by “trial and error,” by successive approximations, thé
problem solver may afTive at the right answer, at an appropriate plan

A still more sophisticated and more experienced problem solver;

when ke does not sucpeed in guessing the whole answer, tries to guess

some part of the answer, some feature of the solution, some approach

to the solution, or some feature of an approach to the solution. Then

he seeks to expand his guess, but also seeks opportunities to check his

guess, and so he seeks to adapt his guess to the best information h
- can get at the moment.

OF course, both the sophisticated and the unsephisticated would ik

" tohavea rezlly pood guess, a bright idea.

And everybody would like to know what charces his guess has to
come true. Such chances cannot be precisely evaluated (this is not
the place to discuss remote possibilities of ¢valuation). Many times,
however, the problem solver has a definite feclmg about the prospects
of his guess. Primitive people who do not even know what a proof
is may have the strongest feelings about their guesses; sophisticated
people may distinguish fine shades of feeling; but anybody who has
conceived a guess has some feeling about the likely fate of his guess.
And so we notice still another sort of feeling, besides the feelings of

relevancy and proximity, in the problem solver’s mind.

Is this point relevant? How far off is the solution? How good is
this guess? Such questions accompany each move of the problem

18ect. 2.2(1) and 2.2(5).

LEsnrrz: Opuscules et fragments, p. 1T

s mind and an athlete must k.119

horses not for the sake of pure science bat to make
and that he studies more the habits and whims
han horse physiology or horse psychology m,
now is not a chapter in a textbook QE
between problem solves’

i ir mi jocke talk about the
the habits of their minds as jockeys may talk :
T o hon it is, however, more like a conversation than_:a

THE WORKING OF THE MIND 63

2. Having » problem

- Ap essential ingredient of the problem is the desire, the will, and the
resolution to solve it. A problem that you are supposed to do and
which you have quite well understood, is not yet your problem. It
becomes your problem, you really have it, when you decide o do it,
when you desire to solve it.

You may be involved more or less deeply in your problem-—your
desire to solve if may be more or less strong.  Unless you have a very

¢ girong desire, your chances to solve a really hard problem are negligible.

The desire to solve your problem is & productive desire: it may even-
wally produce the solution, it certainly produces a change in your

- mental behavior.

11.3. Relevancy

You may have a problem so badly that the problem has you; you
cannot get rid of your problem, it follows you everywhere,

A man with a problem may be obsessed by his problem. He appears
absentminded; he does not notice things which appear obvious to his
neighbors, and he forgets things which none of his neighbors would
forget. Newton, working intensely on his problems, often forgot to
eat his meals. : :

¥es, the problem solver’s attention is selective: it refuses to dwell
on things which appear irrelevant fo his problem and espies the most
minute things that appear relevant. If is a “spying” attention as
Leibnitz put it. .

114. Proximity

A student takes a written examination in mathematics. He is not
required to do all the proposed problems, but he should do as many
as possible. In this situation his best strategy may be to start by look-
ing through all the problems at an appropriate pace and choose those
he is most likely to master.

Observe that this suppases that the problem solver is able to assess
to some extent the difficulty of his problems, that he can estimate to 2
degree his “psychological distance™ from his problem’s solution. Im
fact, anybody seriously concerned with his problem has a vivid feeling
for the proximity of the solution and for the pace of his progress toward
the solution. He may not use words but he feels keenly: “It goes well,
the solution may be just around the corner,” or “It goes so slowly and
the solution is still Far off,” or “I got stuck, there is no progress at all,”
or “I am drifting away from the solution.”
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solver; they are more felt than formulated and the answers, too, are
more feit than formulated, Do such feelings guide the problem solver

~or do they merely accompany his decisions? Are they causes or
_symptoms? T don’t know, but I do know that if you do not have such

feelings, you are not rezlly concerned with your problem,

116, Region of search

I seldom part with my wrist watch, but when I do I usually have
some trouble to find it. When [ miss my watch, I hahitaally start look-
ing for it at some well-defined place: on my desk, or or'a certain shelf
where T am used to store-litfle belongings, or at any third place if 1
happen to remember that I took off my wrist waich fust there.

Such behavier is typical. As soon as we are seriously concerned
with our problem, we anticipate an outline of its solution. This outline

* may be vague, it may be hardly conscious, but it manifesis iiself in our

behavior. We may try various solutions, but they are all alike; they
are all withir that preconceived, but perhaps not consciously precon-
ceived, outline. When none of the solutions tded fits the probiem, we -
feel lost, nothing else comes to mind; we cannot step outside that pre-
conceived outline. We do not look for just zny kind of solution, but
for a certain kind, a kind within a limited outlie, We do not lock far

- asolution just anywhere in the world, but fer a solution within a certain

limited region of search.2

To begin our search within a likely limited region may be reasonable.
When I'am trying to find my missing wrist watch, it is quite reasonable
not to look for it anywhere in the universe, or anywhere in the city, or
anywhere in the house, but just on my desk where I found it several
times in the past. It is quite reasonable to begin by seeking the un-
known within that Emited repion, but it is unreasonable to persevere
in secking it there even when it becomes more and more clear that it
is not there.

. 11.7. Decisions

Problem solving may be contemplative; with primitive people, it
may be inarticulate brooding. Or it may bea long, strenuous, winding
road to the solution, each turning of which is marked by a decision.
Such decisjons are prompted (or perhaps merely accompanied) by
feelings of relevancy and proximity, by swelling or fading hope.
Decisions and prompting feelings are seldom expressed in words, but

may be occasionally:

2Karl Duncker, On Problem Solving, Psychological Monographs, vol. 58, No. 5 (1945).
See p. 75, .
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“Now, let me look at this.”

“No, there is nat much to see here. Let me look at that.”

“There is not much to see here either, but there is something in the
air. Let me Jook at it a little longer.” ]

An important type of decision is to enfarge the region of search, to
discard a limitation the narrowness of which starts giving us an opo
pressive feeling. :

11.8. Mobilization and organization

The problem sclver's mental activity is very imperfectly known ang :
its complexity may be unfathomable. Yet one result of this activityr
is perfectly obvious: as the problem sclver advances, he coliects more -
and more material. N

Let us compare the problem solver's conception of a mathematical
problem at the beginning and at the end of his work. When the prob--
Jem arises, there is a simple picture: the problem solver sees his problem
as an undivided whele withont details, or with very few details; for
instance, he may see just the principal parts, uaknown, data, and conds.
tion, or hypothesis and conclusion. Yet the final picture is very dif.

ferent: it is complex, full of added details and materials the relevancy .

of which the problem solver could hardly have suspected at the outset.:
There are auxiliary lines in the originally almost empty geemetric
figure, there are auxiliary unknowns, there are materials from the_
formerly acquired knowledge of the problem solver, especially theorems
applied to the problem. That just these theorems wili be applicable, .
the problem solver did not foresee at all at the begianing.

Where do all these materials, auxiliary elements, theorems, etc. come
from? The problem solver has collected them; he had to extract them’
from his memory and purposefully connect them with his problem”
We call such collecting mobilization and such connecting organization.;

Solving a problem is similar to building a house. We must collect.
the right material, but collecting the material is not enough; a i_-leap of
stones is not yet a house. To construct the house or the solution, wi
must put together the parts and organize them to a purposeful whole.

Mobilization and crganization camnot actually be separated; th
are complementary aspects of the same complex process—of our work’
aimed at the solution. Such work, when intensive, brings into play all
our psychical Tesources, requires the whole gamut of our mental acti
ities, and presents an inexhaustible variety of aspects. We may .be‘
tempted to distingnish some of the manifold mental .operations
volved and describe thers by such terms as isolation and combinati
recognizing and remembering, regrouping and supplementing.

3Cfex. 274, .
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appropriate auxiliary line. Yet sometimes we can take the decisive
step without intreducing any new line, just by conceiving the Yines
already present in a new fashion. For example, we may notice that '
certain lines form z pair of similar triangles. In noticing this familiar
configuration, we recognize hitherto unobserved relations between the
efements of the figure, we see the elements differently grouped, we see
a new structure, we see the figure as a befter arranged, more harmoni.
ous, more promising whole—we have restructured the problem
material.

Regrouping may involve a change in emphasis. Elements and rela-
ticns which were in the foreground before the regroupment may now

surrender their privileged place and recede into the background; they
‘may even recede so far that they practically drop out from the con-

ception of the problem. For better organization we must now and

then reject things which we thought relevant some time ago. Yet,on -7

the whole, we add more than we reject.

11.11. Tsolation and combination

When we are examining & complex whole, our attention may be ~
attracted now by this detail and then by another. We concentrate on
a certain detail, we focus on it, we emphasize it, we single it out, we
distinguish it from its surroundings, in one word, we isolate it. Then
the spotlight shifts to another detail, we isolate still another detail,
and so on. ) '

After examining various details and revaluing some of them, we may
feel the need of visualizing again the situation as a whole. In fact, after
the revaluation of some details, the appearance of the whole, the “vue
. d’ensemble,” the “Gestalt” may have changed. The combined effect
of our reassessment of certain details may result in a new mental pic-
ture of the whole situation, in a new, more harmmoznions combination
of all the details. :

Isclation and combination may advance the solution in complement-
ing each other. Isolation leads to decomposing the whole into its parts,
a subsequent combination reassembles the parts into a more or less
different whole. Decomposed and recombined, again decomposed and
again recombined, our view of the problem may evolve toward a more
Ppromising picture,

1L12. A disgram

A diagrammatic summary of the foregoing sections is offered by
Fig. 11.1, which the reader should take for what it is worth. Nine terms
are arranged in a square; one occupies the center of the square, four
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The following lines attempt to describe these activities. Of course,”
the reader should not expect, and could not reasonably expect, hard
and fast distinctions or rigid and exhaustive definitions.

11.9. Recognizing and remembering

In examining our problem we cheer up when we recognize some

: famﬂia_r feature. Thus, in examining & geometric figure, we may
* recogflize with pleasure a triangle not noticed before, or a pair of simiter

triangles, or some other intimately known configuration. Examining

+ an algebraic formula we may recognize a complete square, or some

other familiar combination. Of course, we may-also recognize, and
it may be very useful to recognize, some more complex situation to
which we cannot yet attach a name and for which we have not yet a
formal definition, but whick strikes us as familiar and important.

We have good reasons to be pleased when we have recognized a
wiangle in the proposed figure. In fact, we know several theorems and
have sofved various problems about triangles, and one or the other of
these known theorems or former solutions may be applicable o our

. present problem. By recognizing a triangle, we establish contact with

an extensive layer of our formerly acquired knowledge, some streak of
which might be useful now. Thus, in general, recognizing may lead
us to remembering something helpful, to mebilization of relevant
knowledge: :

11.10. Supplementing and regrou.ping

We have recognized a triangle in the figure and have succeeded in
remembering a theorem about iriangles that has same chance to be
‘zpplicable to the present situation. Yet, to actually apply that theorem
wemust add some auxiliary line to our triangle, for instance, an altitude.
Thus, in general, prospective useful elements just mobilized may be
added to our conception of the problem to enrich it, to make it fuller,

(o fill in gaps, to supply its deficiencies, in a word, to supplement it.

_Supplementing introduces new materfals info our conception of the
problem and is an important step in its orgenization. Yet sometimes

‘We can make an important advance in organization without introduc-

ing any new material, just by changing the disposition of the elements

. lready present, by conceiving them in new relations, by rearranging
i?‘r regrouping them. By regrouping its elements, we change the
- structure™ of our problem’s conception. Thus regrouping means

esiructuring. ¢
Let us state this consideration more coneretely. The decisive step
I the solution of a geometric problem may be the introduction of an

£Cf. Duncker, loc. eit, pp, 29-30,
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Fig. 11.1, How we think, Combination

others the four vertices, and four more terms are written along the
sides. -

Mobilization and organization are represented by opposite ends of
the horizontal diagonal of the square. In fact, these are complementasy
activities. Mobilization is extracting relevant items from our memory,
organization is connecting such items purposefully,

Isolation and combination are represented by opposite ends of the
vertical diagonal. In fact, these are complementary activities. Isola-
tion is selecting a particular detail from the surrounding whole, com-
bination is assembling dispersed details to a meaningfil whole.

The sides adjoining the corner assigned to mobilization are labeled
recognize and remember. In fact, mobilization of items relevant ta the
problem often starts from recognizing some element given with the
problem and consists in remembering connected elements,

The sides adjoining the corner assigned to organization are labeled

. supplement and regroup. In fact, organization means supplementing

the conception of the problem, making it fuller by adding new details
and filling the gaps; and it also means regrouping the whole conception.
As we read the terms along the sides of the square, from left te right,
we proceed from mobilized details to the organized whole; a detail
just recognized, carefully isolated and focused, may induce 2 regroup-
ment of the whole conception. Also, a detail remembered which fits
into a combination is suitably added to the conception and supple-
ments the whole, )
Prevision is the center of our activity aimed at the solution, as the
corresponding point is the center of our symbolic square. We keep

. on mobilizing and organizing, isolating and recombining, recognizing
. and remembering all sorts of elements, regrouping and supplementing
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pur conception of the problem, fust to foresee thie solution, or some
feature of the solution, or a bit of the path leading to it. If prevision
comes to us abruptly, in a flash, we call it inspiration, or illuminating
idea; our central desire is to have such an idea.

The mental operations sarveyed in Fig. 11.1 tzke more specific forms -
when applied to special material. Thus, correspondingly to the four
sides of the square, we list four mental operations important in solving
mathematical problems: :
Regroup:

Recognize:
transform the problem

use definitions

Supplement:
ntroduce suxiliary elements

Remember;
knovwm theorems and problems

‘There is another point. The problem solver's moves are prompted

or accompanied by feelings of relevancy and proximity, and feelings

. gauging the goodness of his guess, In discussing this we have men-
tfioned incidentally that more sophisticated people have more diffes-
entiated feelings concerning such points. I de not wish to suppress
here a rather speculative remark:5 some such shades of feeling may be
connected with the mental operations surveyed in Fig. 11.1.

We cheer up when our conception of the problem appears well °
balanced and coherent, complete with all details, and all details are
Jfamiliar. 1f we have distinct details in a harmonious whole, the idea of
the soluticn appears near. What we express with these terms is, it
seems to me, that certain activities considered above are well progressing,
or have already reached their goal.

Our cozception of the problem appears well balanced when we do
not feel the need of regrouping it, and appears as coherent when we
have no trouble in remembering its details, but any detail easity recalls
the others. When there is no need of supplementing it, the conception
appears as complete, and it appears as familiar when all details have
been recognized. Distinctness of details comes ffom foregoing isolation
of, and concentration on, each detail, and the karmony of the whole
conception results from successfol combination of the details. We say"
that the idea is near when we feel that we are well progressing toward
faller prevision. ‘ :

Wishing to arrange these favorable signs of our progress system
atically, we place them so that their relative positions are the same a5
those of the corresponding terms in the square of Fig. 11.1. Thus, we_
arrange seven terms §0 as the four sides of that square and the three;
important points on its vertica! diagonal are disposed. See the schem

- 5Cf. HSI, Signs of progrcss 4,p. 184
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itself, How can he discover the decisive role of Dt There are varj
cases.

The ¢ase is relatively simple if the proposed problem and the theor
D have a common component part. The problem solver, after havip,
tried this and that, will come upon that component part, isolate ang
" focus it, and thei that common part has a chance to recatl or “reinstate”
the whole theorem D.

The case is less simple if the original conception of the problem and:
the decisive theorem I have no common ¢ompenent. Stilf, if there
is another theorem C, also known to the problem solver, that has some
component in common with the problem and another compongat in
commeon with D, the problem solver may attain D by first contacting
C and then passing from C to D. :

Of course, the chain of associations may be still longer; the proposed
problem may be in associative contact with A, A with B, B with C, and
finally C with D. The longer the chain the longer must the problem
solver “shake the bag” or “shake the sieve” till the decisive D) eventually
falls out. ]

Shaking the bag or the sieve is a metaphorical way to describe th
problem solver’s mental experience (se¢ the quotation prefixed to this
chapter). The foregoing sections summarized by Fig. 11.1 attempted
to describe this experiénce somewhat Jess metaphorically. There is
quite plausible interpretation of the activities described; through them,
the problem solver secks to establish desirable associative contacts

In fact, in recognizing an element, the problem solver places it in
context with which it has strong associative contact. Any newly mabi
lized element, added to the problem’s concepticn, offers chances

attract further elements with which it is in associative contact. When
the problem solver isclates and focuses an element, the attention spent
on it gives it more chance to bring in associated elements. Aregros
ment may bring together elements which could exercise more assoc
tive attraction jointly than anyone could singly.

It is, however, hardly possible to explain the problem solver’s mental
experience by association alone; there must be something efse hesides
associative attraction to distinguish between relevent and irrelevan

desirable and undesirable, useful and useless associated elements and’
combinations.®

Examples and Comments on Chapter ¥1

11.1. Your experience, your judgment. The aim of this book is to improve )’DUI:
working habits. In fact, however, culy you yourself can improve your own habits.
Yo should find out fhe difference between what you are usually doing and what

8 Cf. Duncker, foc. cir. p. 18.
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Weli isolated:
distinet details
Well recopnized:

familiar Well grouped:

well balanced
Prevision promising:
idea near

‘Well remembered:

coherent Well supplemented:

complete
Well combined;
harmonious wholg

11.13. The part suggests the whole

A whistling boy passed me in the street and I caught one or two
measures of a melody whick I like very much but had not heard fora
long time. Suddealy that melody filled by mind, ousting completely
whatz?ver worries or idle thoughts [ had before.

This little event is a good iltustration of the “association of ideas,”
a phex}omenon already described by Aristotle and by many authoi‘s
after him. Bradley gives a good deseription: “Any part of a single state
pf mind tends, if reproduced, to reinstate the remainder.” Tn fact,
In my case, one measure brought back the whole impact of that melody
and then, by and by, the remaining measures. Here is another descrip-
tion which lacks essential details but is easy to remember: “The part
suggests the whole.” Let us regard this short sentence 2s a convenient
abbreviation of Bradley's more precise formulation,

Notice the important words “tends’ and “suggesté." .The statements

“The part suggests the whole” ' ’

“The part tends to reinstate the whole”

“The part has a chance to reinstate the whole”
may be acceptable, but the sentence
. “The part reinstates the whole”
is cerrfajnly inacceptable as an expression for the “law of association™:
there is 1o necessity of recall, fust 2 chance, a tendency. We also know
something about the strength of that tendency; a part more in the focus
of attention suggests the whole stronger; several parts jointly suggest
the whole stronger than any ene of them singly. These additions are
important if we wisk: to understand the role of asseciation in the prob-
lem solver’s mental experience.

Let us consider  strongly schematized example. A mathematical
preblem can be quickly solved by the application of a certain decisive
theorem D, but it is very difficult to solve it without D. At the outset,
the prablem solver docs not even suspect that the theorem D is relevant

- ta his problem, although he is quite well acquainted with the theorem I
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you ought to do. This chapter was written to help you to see better wha
usually doing. '
The following exercises, ex. 11.2-11.6, ask you to Hlustrate passages of the fore-

t vou are

- going text, In the first place, try to find illustrations from your ewn work-—snch

#lustrations as come to your mind spontaneously have the best chance 10 be

_ illminating. Try to judge with an open mind whether the descriptions in the

text or the illustrations in the solutions agree with your experience.

11,2 Mokilization. Recall your work on some problem of geometry where (he

fignre, originally slmost empty, became more and more filled by auxiliary ele-

ments as the solution progressed.

113, Prevision. Can you recall a case in which, at a pretty definite moment,
you became suddenly convinced that the solution will succeed? '

11.4. More parts suggest the whole stronger. Can you agree, judging by your
own experience?

11:5_. Rgcognizing. Can you recall 2 case in which recognizing an element
(noticing its formerly annoticed familiar role) appeared as the terning point of
the solution?

11.6. Regrouping. Can you recall a case in which i -
peared as the key to the sofuﬁon? TBTONFRE ﬂ'm feue 2

1L7. Working from inside, working from outside. Establishing contacts be-
tween the proposed problem and his previous experience is certziniy an essential
part of the prablem solver’s performance. He can try to discaver such contacts
“from inside™ or “from outside.” He may remain within the problem, examining
its elements till he finds one that is capable of attracting some usable element
from outside, that is, from his previously acquired knowledge. Or he may go
outside the problem, examining his previously acquired knowledge until he finds
some element applicable to his problem. Working from inside, the probiem
solver scans !n's problem, its component parts, its aspects. Working from outside,
be surveys his existing knowledge, and ransacks the provinces of knowledge tha;
are most likely to be applicable to the present problem.  The two parts of Fig. 11.2
attempt to give visual expression to “inside™ and “outside™ work. |

B

/ \

Fig. 11.2. Working from inside, working from outside—te pierce the clouds.



